Geometric effects on the electronic structure and the bound states in
  annular corrugated wires by Cheng, Run et al.
ar
X
iv
:1
91
0.
00
24
2v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
1 O
ct 
20
19
Geometric effects on the electronic structure and the bound states in annular corrugated wires
Run Cheng1,2, Yong-Long Wang2,3,∗ Hao-Xuan Gao1,2, Hao Zhao1,2, Jia-Qi Wang1, and Hong-Shi Zong1,3,4†
1 Department of Physics, Nanjing University, Nanjing 210093, P. R. China
2 School of Physics and Electronic Engineering, Linyi University, Linyi 276005, P. R. China
3 Joint Center for Particle, Nuclear Physics and Cosmology, Nanjing 210093, P. R. China and
4 State Key Laboratory of Theoretical Physics, Institute of Theoretical Physics, CAS, Beijing 100190, P. R. China
In the spirit of the thin-layer quantization scheme, we give the effective Hamiltonian describing the
noninteracting electrons confined to an annular corrugated surface, and find that the geometrically
induced potential is considerably influenced by corrugations. By using numerical calculation, we
investigate the eigenenergies and the corresponding eigenstates, and find that the transition energies
can be sufficiently improved by adding corrugations. Particularly, the transition energy between the
adjacent eigenstates corresponds to energy levels difference based on the wavefunction of annular
wire, and the number of the energy levels is equal to the number of corrugations. And the larger
magnitude of corrugations is capable of increasing the number of bound states. In addition, the
distribution of ground state probability density is reconstructed by the corrugations, and the energy
shift is generated.
PACS Numbers: 73.20.-r, 73.20.-At, 03.65.-w, 02.40.-k
I. INTRODUCTION
The rapid development of nanotechnology has real-
ized the nanomaterials with complex geometries, such as
bent nanotubes [1, 2], corrugated carbon nanotubes [3–
6], rolled-up nanotubes [7], and Mo¨bius nanostructures
[8, 9]. These experimental realizations trigger the need
for understanding the quantum motion of a particle con-
fined to a deformed surface. Among them, the sur-
face with corrugations is an important kind of two-
dimension(2D) systems. In this case, a curvature-induced
potential [10, 11] appears in the effective Hamiltonian.
A number of papers have shown that the geometric po-
tential can generate localized surface states [1, 12–19],
change the band structures [6, 13, 20–22] and prompt
the energy shifts [23, 24].
Recently, theoretical and experimental investigations
have shown that the nanomaterials with complex geome-
tries exhibit novel mechanical properties and provide new
ways to construct the nanodevices with required elec-
tronic structure [13, 17, 21, 25, 26]. In order to learn
clearly the geometric effects on the electronic properties,
we will consider a quantum system, electrons without
interactions confined to an annular corrugated surface.
For the quantum confinement system, it can be taken as
two one-dimensional(1D) quantum components, because
that the component of annular corrugated wire can be
separated from that of z-axis analytically. And the effec-
tive quantum dynamics of 1D systems with deformations
have been discussed widely, such as reflectionless quan-
tum wire [27], deformed quantum wires [12, 26, 28–30],
and Si nanowire [31]. These known results inspire us
to consider the presence of corrugations in the annular
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surface. We will investigate the geometric effects of cor-
rugations, and how the electronic properties are related
to the number and the magnitude of corrugations.
This paper is organized as follows. In Section II, the
effective Hamiltonian describing noninteracting electrons
confined to an annular corrugated surface is given di-
rectly. And how the geometric potential is affected by the
corrugations is also discussed carefully. In Section III, the
energy level structure and the corresponding eigenstates
for the annular wire component of the confined electron
are investigated in the presence of geometric potential.
In Section IV, the energy shift of the ground state deter-
mined by the geometric potential and the reconstructed
distribution of the ground state probability density are
calculated. Finally, in Section V, conclusions are briefly
given.
II. QUANTUM DYNAMICS OF A PARTICLE
CONFINED TO AN ANNULAR CORRUGATED
WIRE
In this section, the effective Hamiltonian for an elec-
tron confined to an annular corrugated wire will be given
in terms of the thin-layer quantization scheme [10, 32,
33]. The study begins with an annular corrugated sur-
face (see Fig.1(a)) that is described by
r = (x, y, z), (1)
where
x = R cosφ,
y = R sinφ,
z = z,
(2)
with
R = R0 +
ǫ
2
[1− cos(Nφ)], (3)
2wherein (R, φ) are the radius and azimuthal angle of the
annular wire with corrugations sketched in Fig.1(b), (x,
y, z) describe the three coordinate variables of Cartesian
coordinate system, ǫ and N denote the magnitude and
the number of corrugations, respectively.
FIG. 1. (Color online) (a) Schematic of an annular corrugated
surface described by r = (x, y, z) with R0=4, ǫ=2 and N = 6. (b)
Schematic of an annular corrugated wire described by r = (x, y)
with R0=4, ǫ=2 and N = 6. Here R0 and φ are the radius of
the undeformed part of the wire and the azimuthal angle, ǫ is the
magnitude of corrugations.
According to Eq. (2), by introducing the arc length of
annular corrugated wire, dξ= 1
2
√
Q2 + S2dφ, two tangent
unit basis vectors eξ, ez and a normal unit basis vector
en can be obtained as
eξ =
1
U
(−Q sinφ+ S cosφ,Q cosφ+ S sinφ, 0),
ez = (0, 0, 1),
en =
1
U
(Q cosφ+ S sinφ,Q sinφ− S cosφ, 0),
(4)
where
Q = 2R0 + ǫ− ǫ cosNφ,
S = ǫN sinNφ,
U =
√
Q2 + S2.
(5)
And then the position vector R of a point close to the
annular corrugated surface can be described by
R = r+ q3en, (6)
where q3 is the curvilinear coordinate variable along en.
In terms of the two position vectors r and R, with the
definitions gab = ∂ar · ∂br (a, b = ξ, z) and Gij = ∂iR ·
∂jR (i, j = ξ, z, n), the covariant components of surface
metric tensors are
gξξ = 1, gzz = 1, gξz = gzξ = 0, (7)
and those metric tensors defined in the subspace as
Gξξ = (1 − q3w)
2,
Gξz = Gzξ = Gξn = Gnξ = 0,
Gzz = Gnn = 1, Gzn = Gnz = 0,
(8)
with
w =
2(Q2 + 2S2 − ǫN2Q cosNφ)
(Q2 + S2)
3
2
. (9)
Obviously, g andG satisfy the relationshipG=f2g, where
g and G are the determinants of gab and Gij , and f is the
rescaling factor, f=1-q3w. The covariant components of
the Weingarten curvature tensor are given by
αξξ = w,
αξz = αzξ = αzz = 0.
(10)
The mean curvature is then given byM = αξξ/2, and the
Gaussian curvature K is zero. Following the Ref. [34],
with the metric tensors (7) and (8), the effective Hamil-
tonian describing an electron confined to the annular cor-
rugated surface is obtained as
H2D = −
h¯2
2m∗
∂2ξ −
h¯2
2m∗
(M2 −K)−
h¯2
2m∗
∂2z , (11)
where h¯ is the Plank constant divided by 2π, m∗ is the
effective mass of an electron. In the lights of the Hamil-
tonian (11), it is easy to separate the quantum motion
in z-direction from the rest part. As ansatz, the surface
wave function can be expressed as
ψ(ξ, z) = ψ(ξ)× eikzz, (12)
where kz is the z-component of momentum. And then
the effective Hamiltonian of ξ-component can be written
as
Heff = K + Vg, (13)
3where K is the kinetic energy operator for an electron
constrained to move along the annular corrugated wire,
K = −
h¯2
2m∗
∂2
∂ξ2
= −
h¯2
2m∗
4
Q2 + S2
[
∂2
∂φ2
−
S(ǫN2 cosNφ+Q)
(Q2 + S2)
∂
∂φ
],
(14)
whereas Vg is the geometric potential, that is
Vg = −
h¯2
2m∗
(Q2 + 2S2 − ǫN2Q cosNφ)2
(Q2 + S2)3
, (15)
a function of R0, φ, ε and N . The specific properties
are described in Fig. 2, the geometric potential wells are
dramatically deepened by increasing the magnitude of
corrugations, or by increasing the periodic number N ,
even or by decreasing the radius R0. As an important
feature of the geometric potential, its minimum is the
following form
Vgm = −
h¯2
2m∗
(
1
2R0
−
ǫN2
(2R0)2
)2. (16)
The geometric potential versus φ for N = even and N =
odd are described in Figs. 2 (c) and (d), respectively.
It is straightforward to find that the extreme points are
located at φ = pi
N
∗ i (i = 0, 1, 2, . . . , N). Notice that at
φ = π the geometric potential takes the minimum value
for N = even, the subminimum value for N = odd.
It is well known that the geometric potential is induced
by the curvature, in the present system the curvature is
considerably affected by the corrugations. Specifically,
in what follows, we will investigate the electronic en-
ergy level structure, corresponding eigenstates and en-
ergy shifts affected by the corrugations.
III. BOUND STATES AND ENERGY LEVEL
STRUCTURE OF CONFINED ELECTIONS
INDUCED BY CORRUGATIONS
It is distinct that the effective Hamiltonian (11) can
be analytically separated into a z-component and another
describing the dynamics of electron moving along the an-
nular corrugated wire. In the present paper, we mainly
focus on the investigation of the effective dynamics of an-
nular wire, do not further discuss that of z-axis. If the
length in the z-direction is much larger than the size of
the annular corrugated wire, the z-component of energy
would be continuous. In the present paper, the consid-
ered annular corrugated surface has in general a certain
width in the z direction, the z-component energy is then
quantized. In fact, whether the z-component of energy is
quantized or not, the remaining dynamics of the annular
corrugated wire is considerably affected by the geomet-
ric potential induced by the corrugations. In terms of
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FIG. 2. (Color online) The geometric potential versus φ for the
cases of (a) N = 6, ǫ = 1 and R0 = 3, 5, 7, 9, (b) N = 6, R0 = 4
and ǫ = 0.5, 1, 1.5, 2, (c) R0 = 4, ǫ = 1 and N = 4, 6, 8, 10, (d)
R0 = 4, ǫ = 1 and N = 3, 5, 7, 9. Here
h¯
2
2m∗
is taken as an unit.
4Eqs. (5), (14) and (15), the wave function ψ(ξ) can be
replaced by ψ(φ) with certain R0, φ, ǫ and N .
As shown in Fig. 2, it is obvious that the geometric
potential is spatial reflectional invariance and periodi-
cal invariance with respect to φ. Therefore, the associ-
ated eigenfunction also owns the corresponding proper-
ties. For the sake of convenience, we take the eigenfunc-
tion in the following form
ψ(φ) =
∞∑
k=0
ck cos(kNφ). (17)
According to the wave function (17), we diagonalize the
effective Hamiltonian Heff to obtain the eigenenergies
and eigenstates for certain R0, ǫ and N . In our cal-
culations, the results are derived by truncating k with
k = 100 that is sufficient for convergence.
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FIG. 3. (Color online) Electronic energies of an annular corrugated
wire with (a) R0 = 4, ǫ = 1 and N = 4, 6, 8, 10, (b) R0 = 4, N = 20
and ǫ = 0.5, 1, 1.5, 2. The points are the numerical results of the
exact diagonalization of the Heff . Here
h¯
2
2m∗l2
is taken as an unit.
By calculating numerically, the electronic energy levels
of an annular corrugated wire are described in Fig. 3 (a)
and (b) for the case of R0 = 4, ǫ = 1, N = 4, 6, 8, 10
and that of R0 = 4, N = 20, ǫ = 0.5, 1, 1.5, 2. n and En,
label the eigenmodes and the corresponding eigenener-
gies of the Hamiltonian, where chooses l as a length unit,
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FIG. 4. (Color online)Electronic energies of an annular corrugated
wire based on the eigenfunction of the ring line with R0 = 4, ǫ = 1
and N=5, 10, 15, 20. The points are the numerical energy levels.
Here h¯
2
2m∗l2
is taken as an unit.
TABLE I.The number of negative energy level NE
and bound states NB, the eigenvalues of the ground
states E0 and the transition energy between the
ground state and first excited state ∆E1 for the
annular wire of R0 = 4, ǫ = 1 and N = 4, 6, 8, 10.
N ǫ R NE NB E0 ∆E1
4 1 4 1 1 -0.02587295 0.72118644
6 1 4 1 1 -0.08365887 1.44595252
8 1 4 1 1 -0.22147269 2.23720045
10 1 4 1 1 -0.47715353 3.00619753
respectively. As described in Fig. 3 (a), the transition
energies between the adjacent energy levels increase dra-
matically as the number of corrugations increases. More-
over, there are negative energy levels that refer to E < 0
states, which denotes that the motion of electron along
the annular corrugated wire are constrained by the geo-
metric potential induced by the corrugations. However,
the number of negative energy levels does not change
with the increase of the number of corrugations, as shown
in TABLE I. The presences of the negative eigenener-
gies and that of the bound states are eventually deter-
mined by the attractive wells of the geometric potential
Vg. The potential wells are sharply deepened and the
transition energies are dramatically enlarged by adding
corrugations. It is worthwhile to notice that the num-
ber of bound states is not added by adding corrugations.
Obviously, the potential wells can also be deepened by
increasing the magnitude of corrugations. As shown in
Fig. 3(b), the number of negative eigenenergies and that
of bound states are added by enlarging the magnitude
of corrugations. As a consequence, the negative eigenen-
ergies and bound states can be produced by designing
corrugations for an annular wire. Practically, these re-
sults are helpful to control the electronic transport by
designing particular geometries [5, 6, 35, 36].
Another important result in the present paper is that
the relationship between the transition energy and the
5TABLE II. The first excited state energy E1 and the
second excited state energy E2 of annular
corrugated wire of R0 = 4, ǫ = 1 and N = 5, 10, 15, 20
and the energy level E
′
N and E
′
2N based on the
wavefunction of annular wire.
N ε R E1 E
′
N E2 E
′
2N
5 1 4 1.02076686 1.02006811 4.27138058 4.27122914
10 1 4 2.52904400 2.52833661 12.37233876 12.35684566
15 1 4 2.68997342 2.63327893 19.46819019 19.31057811
20 1 4 0.68449421 0.47127916 24.62154144 23.98627050
number of corrugations. In order to investigate the rela-
tion, we numerically calculate the electronic energy lev-
els for an annular corrugated wire of R0 = 4, ǫ = 1 with
N = 5, 10, 15, 20 by the wavefunctions Eq. (17) presented
in Fig. 3 and cos(kφ), eigenfunction of annular wire with-
out corrugations, as shown in Fig. 4 and TABLE II. n
′
is
the modes and E
′
n is the energy levels. It is easy to find
that the significant energy level transition usually hap-
pens between E
′
N and E
′
N+1 as shown in Fig. 4, which
denotes that the eigenenergies of the annular corrugated
wire are located at n
′
= m∗N(m = 1, 2, · · · ), as shown in
TABLE II. Therefore, the transition energy between the
adjacent eigenstates of the annular wire with N corru-
gations corresponds to N energy levels differences. That
is to say, for the annular wire with N corrugations, each
transition energy between the adjacent eigenstates is ca-
pable of accommodating N energy levels of the annular
wire without corrugations. As a consequence, the tran-
sition energies are considerably increased by adding cor-
rugations.
IV. GEOMETRIC EFFECTS ON ENERGY
SHIFTS AND THE GROUND STATE
PROBABILITY DENSITY DISTRIBUTION
For the further investigation of the geometric effects
on the effective dynamics, we will calculate the geomet-
ric energy shift of the ground state and the ground state
probability density distribution numerically. For simplic-
ity, the energy shift is defined as
∆EVg = 〈ψ0|Vg|ψ0〉 (18)
by the wave function of ground state |ψ0〉 and the geo-
metric potential Vg.
As shown in TABLE III and IV, it is obvious that the
geometrically induced energy shift is very important to
the effective dynamics, and even the absolute value of the
energy shift is greater than that of the ground state en-
ergy. It can be confirmed that the energies of the ground
states are considerably shifted by the geometric potential.
Since the curvature-induced potential wells are dramati-
cally deepened by increasing the number of corrugations
N and the magnitude ǫ, as a result, the bound states can
be produced by adding the number of corrugations N
or enlarging the magnitude ǫ for the annular corrugated
wire. As a consequence, a stronger geometric potential
TABLE III. The ground state energy E0 and the
energy shift ∆EVg for the annular wire of R0 = 4,
ǫ = 1 and N = 5, 10, 15, 20.
N ε R0 E0[unit of
h¯
2
2m∗l2
] ∆EVg [unit of
h¯
2
2m∗l2
]
5 1 4 -0.04701866 -0.0478929590086791
10 1 4 -0.47715353 -0.495665874076816
15 1 4 -1.95698662 -2.23824342373883
20 1 4 -5.69520598 -7.56689752279481
TABLE IV. The ground state energy E0 and the
energy shift ∆EVg for the annular wire of R0 = 4,
N = 20 and ǫ = 0.5, 1, 1.5, 2.
ε R0 N E0[unit of
h¯
2
2m∗l2
] ∆EVg [unit of
h¯
2
2m∗l2
]
0.5 4 20 -2.24279515 -2.33942875912832
1 4 20 -5.69520598 -7.56689752279481
1.5 4 20 -13.31164212 -20.4801652650634
2 4 20 -25.13234603 -38.0561428901224
can result in lower bound states, which can make the res-
onances peaks in the electronic transmittance be shifted
to lower energies practically.
Describing a quantum system that requires not only
an effective Hamiltonian but also the wave functions.
For simplicity, we just consider the ground state prob-
ability density distribution by calculating numerically as
described in Fig. 5. It is apparent that the ground state
probability density is relatively more concentrated as the
number of corrugations increases as shown in Figs. 5 (a)
and (b). Combining Fig. 5 with Fig. 2, it is easy to find
that the number of probability density peaks is in nice
agreement with the number of the geometric potential
wells. At φ = pi
N
∗ 2i (i = 0, 1, 2, . . . , N), the proba-
bility density takes its submaximum values, while the
geometric potential is minimum. At φ = pi
N
∗ (2i + 1)
(i = 0, 1, 2, . . . , N), while the probability density is max-
imum, the geometric potential takes its subminimum val-
ues. In addition, at φ = π, the probability density gradu-
ally decreases as the number of corrugations increases as
shown in Figs. 5 (a) and (b). According to Fig. 5 (c), with
the increase of the magnitude of corrugations, the maxi-
mal ground state probability density gradually decreases,
while the results of the submaximal probability demsity
are opposite. As a conclusion, the geometric effects not
only affect the equivalent mechanical quantity operator,
but also reconstruct the probability density distribution
of the ground state.
V. CONCLUSION AND DISCUSSION
In this paper, we have considered a quantum dynami-
cal system describing electrons without interactions con-
fined to an annular corrugated surface. We directly gave
the effective Hamiltonian by using the thin-layer quanti-
zation approach in which the geometric potential plays an
important role. The geometric potential induced by cur-
vature consists of attractive wells with different depthes
that are reconstructed by corrugations. Specifically, the
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FIG. 5. (Color online) The ground state probability density as a
function of azimuthal angle φ with (a) R0 = 4, ǫ = 1 and N = 4, 8,
(b) R0 = 4, ǫ = 1 and N = 3, 7, (c) R0 = 4, ǫ = 1 and N = 3, 4,
(d) R0 = 4, N = 6 and ǫ = 0.5, 1, 2.
attractive wells are dramatically deepened as the num-
ber of corrugations increases or the magnitude does. In
particular, the number of deepest wells nicely agree with
the number of corrugations, and the number of second
deep wells is also the same. What’s more, the geomet-
ric potential is still valid to a partially deformed annular
wire with φ ranging from φ0 to φ1 (0 ≤ φ0 < φ1 ≤ 2π).
In terms of the effective dynamics, we have investigated
the electronic energy level structure and the correspond-
ing eigenstates, found that the number of bound states
can be added by enlarging the magnitude of corrugations,
and the transition energies can be increased by adding
the number of corrugations. In particular, the transition
energy between the adjacent eigenstates of the annular
corrugated wire, corresponds to N energy levels differ-
ence based on the wavefunction of annular wire, and the
number of the energy levels is equal to the number of cor-
rugations. In the investigation procedure, the geometric
potential plays an important role in the effective dynam-
ics and the bound states. The energy shift of the ground
state contributed by the geometric potential owns an ab-
solute value larger than that of the ground state energy.
And the ground state probability density distribution is
also redistributed by the geometric potential.
As application potentials, the corrugations can be em-
ployed to improve the connectivity of nanotubes, to pro-
vide new bound states, to reconstruct the electronic en-
ergy level structure, and to redistribute the bound states
density. These results provide a way to design nanotube-
based electronic and photonic devices by introducing cor-
rugations.
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